7Examp|e 8.12 Distribution of Overpotential in a Porous Electrode
| Equation (8.1.28) is solved in Maple and the results obtained are given below:

£> restart : with(inttrans) : with(plots) :
> eq:=diff(u(x,t),)=diff(u(x,t),x$2)-nu"2*u(x,t);

0 P 2
eq = o u(x,t)—yu(x,t) —vou(xt)
> u(x,0):=0;

u(x,0):=0

> bcl:=diff(u(x,t),x)=-delta;

0
bcl = x u(x,t) =-9

> bc2:=diff(u(x,t),x)=delta*beta;

0
bc2 := x u(x,t)=90p
[> egs:=laplace(eq,t,s):
> eqgs:=subs(laplace(u(x,t),t,s)=U(x),eqs);
2
eqs:=sU(x) = 2= U(x) —v' U(x)
dx
[> bcl:=laplace(bcl,t,s):
> bcl:=subs(laplace(u(x,t),t,s)=U(x),bcl);
d )

bcl::&U(x):—g

i
\'%

bc2:=laplace(bc2,t,s):

> bc2:=subs(laplace(u(x,t),t,s)=U(x),bc2);
=4 =3B
bc2 := i U((x) = 5

> dsolve(eqgs,U(X));

U(x)=_C1 sin(\/ g x) +_C2 cos(\/ . x)

U(x):=¢ cosh(\/ s+v x) +czsinh<w/ s+v x)
[> eqO0:=eval (subs(x=0,bcl)):
[> eql:=eval (subs(x=1,bc2)):

[> con:=solve({eq0,eql},{c[1].cl2]}):
> U(X):=subs(con,U(x));

U(x) = S(COSh(m) +B) COSh(mX) B Ssinh( 5+V2 X)
sinh (/s 47 ) s+ s s+ s

> U(X):=c[1]*cosh((s+nu2)™(1/2)*x)+c[2]*sinh((s+tnu™2)M(1/2)*X);
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U(x) :=Factor(combine(simplify(U(x))));

U(x) = ) (cosh(J s+v° (x——1)) +—cosh(J s+v° x) B)
ﬁm(/s+v2)/s+vzs

:>'Ul(X):=Subs(s:s—nuA2,u(x));

8 (cosh(y's (x —1)) +cosh(y/s x) B)
sinh(\/5) V5 (s—v°)

Ul(x) =

:>»P(s)::numer(U1(x));

P(s) == -8 (cosh(y/s (x—1)) +cosh(y/s x) B)

:>»Q(s)::denom(U1(x));

Q(s) :=sinh(V5) V5 (-s+v°)

:>>solve(Q(S),S):

O,v2

> _EnvAllSolutions := true;

_EnvAllSolutions := true

:>»solve(Q(s),s);

2 2
-n_71-%0,v

[The roots are:

0,0,nu"N2,-n"2*Pi1"2;
muO0:=0;

b[2] :=(s-mu0)"2*P(s)/Q(s);
$*28 (cosh(ys (x—1)) +cosh(ys x) B)

A sinh(Vs) (—s+v2)

B[2]:=limit(b[2],s=0);

B,:=0
b[1]:=diff(b[2],s):
B[1]:=limit(b[1],s=0);

._ ~0p—3
B, := >
%

A(s):=P(s)/difF(Q(s),s):
A[n]:=simplify(subs(s=mu,A(s)));
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298 (cosh(\/E (X — 1)) +cosh<\/I x) [3) \/E (23)
cosh(ﬁ) u3/2 —cosh(\/I) \/Ivz +3 sinh(\/E) u—sinh(\/E) v

A[0] :=subs(mu™(1/2)=nu,mu™(3/2)=nu”"3,mu=nu™2,A[n]):

A[O] :=simplify(A[O]);
Ay & (cosh(v (x —1)) +cosh(vx) B)

vsinh(v)
A[n] :=simplify(subs(mu™(1/2)=1*n*Pi1,mu™N(37/2)=-1*n"3*Pi1"3,mu=-
n"2*P1°2,A[n])):
vars:={cos(n*P1)=(-1)"*n,sin(n*P1)=0};
vars := {cos(nm) = (-1)", sin(nm) =0} (25)

A=

(24)

A[n]:=simplify(subs(vars,A[n])):
ALn] :=simplify(subs(vars,expand(A[n])));
~28cos(nmx) (1+(-1)""B)

nmT +v
bls:=B[1]*subs(mu0=0,1/(s-mu0));
bls:= w (27)
V'S
bilt:=invlaplace(bls,s,t);
p1:= - (LTB)D (26)
%
b2s:=B[2]*subs(mu0=0,1/(s-mu0)"2);
b2s:=0 (29)
b2t:=invlaplace(b2s,s,t);
b2t:=0 (30)
uO0s:=subs(mu=nu”2,A[0]/(s-mu));
u0s := & (cosh(v (x—1)) +coséh(v x) B) 31)
vsinh(v) (s—v°)
uot:=1nvlaplace(u0s,s,t);
B V2t
uOt = & (cosh(v (x—1)) +cosh(vx) B) e (32)

vsinh(v)

uns:=A[n]/(s-mu);

ins = - 2 §cos(nmx) (21-1—(—1)‘”[3) (33)

(2" +v7) (s—n)

unt:=invlaplace(uns,s,t);



~238cos(nmx) (14 (-1) ") e

2 2 2
nnmt +v

unt :=

7>—unt::subs(mu:—nAZ*PiAZ,unt);
_238cos(nmx) (1+(-1)"B)e™

2 2 2
nmT +v

22

unt :=

7>—U::blt*exp(—nuAZ*t)+b2t*exp(—nu“2*t)+simplify(uOt*exp(—nuAZ*t))+
exp(-nu"2*t)*Sum(unt,n=1. . infinity);

2 i
U= - (1+B) 8e ™" N d (cosh(v (x —1)) +cosh(vx) B) —I—evzt[Z[
n=1

V2 v sinh(v)

2600301nx)(1-+(—1)”B)eﬁn?tJ]
- 2 2 2
n"m +v

[>»u::piecewise(t:0,0,t>0,subs(infinity:ZO,U)):

> pars:={nu=1,delta=1,beta=0.1};
pars:= {v=1,$=0.1,58=1}

7>»plot3d(subs(pars,u),x:0--1,t:0--O-5,axes:boxed,title:"Figure
Exp. 8.21.",labels=[x,t,"u"],orientation=[-60,60]);

Figure Exp. 8.21.

7>—plot([subs(t:O,pars,u),subs(t:O-OS,pars,u),subs(t:O-l,pars,u),
subs(t=0.2,pars,u)],x=0..1,axes=boxed, title="Figure Exp. 8.22.",
thickness=5, labels=[x,"u""]);
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Figure Exp. 8.22.
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‘Inall the examples discussed in this chapter until now, the roots of g(s) were obtained analytically.
This is not always possible. Often the roots should be obtained numerically as in section 7.1.4. This is
_illustrated in the next example.
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